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Abstract: Chiral algebras in the cohomology of the Q+ supercharge of two-dimensional
N = (0, 2) theories on flat spacetime are discussed. Using the supercurrent multiplet, we
show that the answer is renormalization group invariant for theories with an R-symmetry.
For N = (0, 2) Landau-Ginzburg models, the chiral algebra is determined by the operator
equations of motion, which preserve their classical form, and quantum renormalization of
composite operators. We study these theories and then specialize to the N = (2, 2) models
and consider some examples.
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1 Introduction
Two-dimensional theories with N = (0, 2) supersymmetry have been attracting attention
over the last couple of decades. A motivation largely came from their potential phenomeno-
logical relevance for heterotic string compactifications, which require the internal theory
to be an N = (0, 2) SCFT. But these theories are interesting and rich quantum field the-
ories by themselves, which makes them a good object to study and apply various physical
ideas. Thinking in that direction, gauge theories are of course of particular importance in
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theoretical physics and deserve attention in various dimensions and with various amounts
of supersymmetry. But besides that, N = (0, 2) gauged linear sigma models are known
to be a useful tool to construct N = (0, 2) SCTFs, and hence heterotic string vacua, as
infrared (IR) fixed points of the renormalization group (RG) flow (see [1, 2] or just [3] and
references therein).
Recently, the dynamics of two-dimensional N = (0, 2) supersymmetric gauge theories,
both abelian and non-abelian, have seen an increasing interest, especially due to devel-
opments in [4–6]. At the same time, more basic models of N = (0, 2) interacting matter
without gauge fields, sometimes referred to as N = (0, 2) Landau-Ginzburg (LG) mod-
els, have been studied, some references being [2, 7, 8]. One can think of starting from
an N = (0, 2) LG model with global flavor symmetries and then gauging these global
symmetries to obtain an N = (0, 2) gauge theory. Therefore, it might be beneficial for
certain questions to first study properties of LG models and then ask what happens to
these properties after gauging.
The property we want to study in this paper is the chiral algebra in the cohomology
of one of the supercharges. The supercharges Q+ and Q+ of the (0, 2) theory satisfy:
{Q+, Q+} = 2P++, (1.1)
where P++ is the right-moving translation generator. Since Q
2
+ = 0, one can study its
cohomology, and the above equation implies that it is holomorphic, or, in terms of light-
cone coordinates x±± (in Lorenzian signature), the cohomology depends non-trivially only
on x−−, while differentiation with respect to x++ annihilates cohomology classes. This
observation was first made in [9] and then in [10] used to elucidate some properties of
N = (2, 2) LG models and their IR fixed points. Then, part of the analysis from [10] was
extended to N = (0, 2) gauge theories in [11].
Chiral algebras of N = (0, 2) half-twisted sigma models were studied to some extent
in the literature due to their connection with the theory of chiral differential operators.
In particular, the perturbative approach was developed in [12] and [13], and some non-
perturbative aspects were studied in [14] and [15]. There was also a number of papers on
topological rings (which are finite sectors of chiral algebras in N = (0, 2) theories), some
examples being [16–19]. However, it seems that systematic analysis of chiral algebras in
N = (0, 2) LG models and gauge theories has not been performed yet. Our goal is to make
a small step in this direction.
In this paper we first study some general properties of N = (0, 2) theories on R1,1.
Then we restrict to a certain class of models, namely LG models, and later consider LG
models with N = (2, 2) supersymmetry and give some examples.
An important question about chiral algebras of N = (0, 2) theories is how they behave
under the RG flow. It turns out that in theories with the R-symmetry chiral algebra is
an RG invariant, while it is not completely clear whether this is the case for more general
theories without R-symmetry. The RG invariance underlies all approaches to extract some
useful information about the CFT in the IR, such as, for example, in [10] and [11]. It seems
that this has never been proved in the literature though.
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We study RG invariance of the chiral algebra on general grounds using the N =
(0, 2) supercurrent multiplet described in [20]. If the theory has an R-symmetry, the
supercurrent multiplet becomes what is called the R-multiplet. In such a situation, only
using manipulations with the R-multiplet, we show that there is a stress-energy tensor in
the cohomology. This fact underlies the finding of [11] that the stress-energy tensor in the
cohomology is not spoiled by anomaly if and only if the R-symmetry is non-anomalous.
So we obtain conformal symmetry in the chiral algebra. It is interesting to note that this
stress-energy tensor is the one of the half-twisted N = (0, 2) theory. Since the stress-energy
tensor in cohomology is identified with the left-moving stress-energy tensor of the CFT in
the IR, we can say the following: in N = (0, 2) theories with the R-symmetry, the RG flow
from the UV to the IR performs a half-twist.
Having conformal symmetry in the cohomology is a very strong restriction. It turns out
that because of it, the chiral algebra cannot depend on any dimensionful constants. This
fact allows one to argue that for the LG models, the chiral algebra is in fact tree level exact,
and the OPE of the cohomology classes can be computed using the free field correlators.
This makes chiral algebra a potentially powerful tool for obtaining exact results. We should
note, however, that in this discussion we assume that there are no non-perturbative effects.
This seems a reasonable assumption for LG models on a topologically trivial space with a
topologically trivial target only.
In Section 2 of this paper we discuss general aspects of N = (0, 2) theories, namely the
supercurrent multiplet and its ambiguities, conformal invariance in the cohomology and
its implications for the OPE. We also discuss what is the chiral algebra of SCFT’s and
relate it to the notion of a chiral ring of [21]. We then discuss the superspace technique to
describe the Q+ cohomology.
In Section 3 we discuss general properties of N = (0, 2) LG models and specify to the
quasi-homogeneous superpotentials. We then review the statement that the OPE of the
cohomology classes can be computed using the free theory and argue that the chiral algebra
is tree level exact (but still different from the classical algebra due to the singularities
one encounters in defining composite operators). In Section 4 we specify to N = (2, 2)
supersymmetry, and in Section 5 we discuss a few examples, focusing on the Ak+1 series
of N = 2 minimal models. We then conclude in Section 6 and mention some further
directions.
2 N = (0, 2) theories
In this section we discuss some general aspects of two-dimensional (0, 2)-supersymmetric
theories and their chiral algebras.
2.1 Conventions and some generalities
The two-dimensional theories with (0, 2) supersymmetry are characterized by the existence
of two conserved supercharges Q+ and Q+ of positive (or right-handed) chirality acting on
the Hilbert space of the theory. They satisfy:
Q2+ = Q
2
+ = 0,
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{Q+, Q+} = 2P++, (2.1)
where 2P++ = P0 + P1 is a light-cone momentum. The standard geometric realization
of supersymmetry is to consider the superspace R2|2 with bosonic coordinates x0, x1 and
fermionic coordinates θ+ and θ
+
. Superfields are distributions on this superspace taking
values in operators acting on the Hilbert space. The supercharges Q+ and Q+ act on
operators (and therefore on superfields) by commutators, and the geometric realization of
this action is through the differential operators:
Q+ = ∂
∂θ+
+ iθ
+ ∂
∂x++
,
Q+ = − ∂
∂θ
+ − iθ+
∂
∂x++
, (2.2)
so that for an arbitrary superfield F , we have [Q+, F ]± = Q+F , where [. . . ]± denotes a
graded commutator. These operators obviously satisfy the required relation [Q+,Q+] =
−2i ∂
∂x+
. We also have another pair of differential operators on R2|2, D+ and D+, given by:
D+ =
∂
∂θ+
− iθ+ ∂
∂x++
,
D+ = − ∂
∂θ
+ + iθ
+ ∂
∂x++
, (2.3)
for which the key property is that they anticommute with Q+ and Q+ and hence can be
used in constructing supersymmetric Lagrangians.
We also adopt the convention in which hermitian conjugation reverses the order of
fermions, that is (θ1θ2)
† = θ2θ1.
The basic superfields are
1) Chiral superfields satisfying D+Φ = 0. The component expansion contains a complex
scalar φ and a left spinor ψ+:
Φ = φ+ iθ+ψ+ − iθ+θ+∂++φ (2.4)
The antichiral superfield satisfies D+Φ = 0 and is given by:
Φ = φ+ iθ
+
ψ+ + iθ
+θ
+
∂++φ. (2.5)
2) Fermi superfields satisfying D+Λ = E(Φ), where E(Φ) is a chiral superfield con-
structed as a holomorphic function of basic chiral superfields. The component ex-
pansion contains a right-handed spinor λ and an auxiliary field G:
Λ = λ+ θ+G− iθ+θ+∂++λ− θ+E(Φ), (2.6)
where E itself has to be expanded in components. The opposite chirality Fermi
superfield satisfies D+Λ = −E(Φ) and is given by:
Λ = λ+ θ
+
G+ iθ+θ
+
∂++λ− θ+E(Φ). (2.7)
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3) Real superfield.
If U is a real superfield, it can always be thought of as a real part of some chiral
superfield (not necessarily a local one; also we will allow for superfields which are chiral
only on-shell). We will denote the imaginary part of this chiral superfield by U˜ . Then
U + iU˜ is chiral on-shell and U − iU˜ is antichiral. The relation between U and U˜ is:
D+U˜ = iD+U,
D+U˜ = −iD+U, (2.8)
up to equations of motion. This U˜ is defined up to a term which is constant on-shell. If
the component expansion of U is
U = u+ iθ+χ+ + iθ
+
χ+ + θ
+θ
+
∂++v, (2.9)
where we wrote the highest component as a derivative of some function v, then the com-
ponent expansion of U˜ is:
U˜ = v + θ+χ+ − θ+χ+ − θ+θ+∂++u, (2.10)
again up to terms which vanish on equations of motion.
Note that if we want components of U and U˜ to be local operators, then U cannot be
an arbitrary local real superfield. Its highest component, written as ∂++v above, should
be a derivative of a local field. Only in such a case v above is also local and hence U˜ is
also the local superfield.
2.2 Supercurrent multiplet and RG invariance
2.2.1 General case
The general N = (0, 2) multiplet containing the stress-energy tensor and the supersymme-
try current was described in [20]. It is referred to as the supercurrent multiplet. It consists
of real superfields S++, T−−−− and a complex superfield W− satisfying1:
∂−−S++ = D+W− −D+W−,
D+T−−−− = ∂−−W−,
D+T−−−− = ∂−−W−,
D+W− = C, (2.11)
where C is a complex constant (a space-filling brane current). The component expansions
which solve these constraints are:
S++ = j++ − 2iθ+S+++ − 2iθ+S+++ − 2θ+θ+T++++,
W− = −S+−− − iθ+
(
T++−− +
i
2
∂−−j++
)
− θ+C + iθ+θ+∂++S+−−,
W− = −S+−− + iθ+
(
T++−− − i
2
∂−−j++
)
− θ+C − iθ+θ+∂++S+−−,
T−−−− = T−−−− − θ+∂−−S+−− + θ+∂−−S+−− + 1
2
θ+θ
+
∂2−−j++. (2.12)
1Our conventions are different from [20]
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Applying constraints (2.11) to these expansions implies conservation of S+ (the supersym-
metry current), conservation of T (the stress-energy tensor) and symmetry of T :
∂++S+−− + ∂−−S+++ = 0,
∂++T±±−− + ∂−−T±±++ = 0,
T++−− − T−−++ = 0. (2.13)
Quite naturally, constraints (2.11) do not determine the supercurrent multiplet uniquely.
There are two types of ambiguities which preserve both the conservation laws and the form
of equations (2.11). One ambiguity corresponds to improvement transformations:
S++ → S++ + [D+, D+]U,
W− →W− + ∂−−D+U,
W− →W− + ∂−−D+U,
T−−−− → T−−−− + ∂2−−U, (2.14)
where U is an arbitrary real scalar superfield. These transformations do not change con-
served charges.
Another ambiguity corresponds to the possibility of modifying the supercurrent multi-
plet by another conserved current (say, corresponding to some flavor symmetry), satisfying
an additional requirement of locality which will be explained in a moment. If we have
another conserved superspace current I±±, that is a pair of real superfields satisfying:
∂−−I++ + ∂++I−− = 0, (2.15)
then we can use it to shift the supercurrent multiplet, i.e. define a new multiplet:
S++ → S˜++ = S++ + I++,
W− → W˜− =W− + i
2
D+I−−,
W− → W˜− =W− − i
2
D+I−−,
T−−−− → T˜−−−− = T−−−− + 1
2
∂−−I˜−−. (2.16)
Note that in the last equation we use I˜−−, a real superfield related to I−− as in (2.8).
That is, I˜−− is such that I−− + iI˜−− is chiral. The new superfields S˜++, W˜− and T˜−−−−
will also satisfy the constraints (2.11). However, most conserved charges will be shifted by
this transformation. Note that for the above transformation to make sense in a local QFT,
both I±± and I˜−− have to be local, so there is an extra requirement on I±± that not only
it has to be a conserved local superspace current, but also I˜−− has to be local. In the cases
of interest for us, this will actually be the case.
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One can easily read off the action of Q+ on various components of the supercurrent
multiplet, and we are interested in the following:
{Q+, S+++} = −i
(
T++++ +
i
2
∂++j++
)
,
{Q+, S+−−} = i
(
T++−− − i
2
∂−−j++
)
,
{Q+, T++++} = ∂++S+++,
{Q+, T++−−} = −∂++S+−−,
{Q+, T−−−−} = −∂−−S+−−. (2.17)
We see that neither component of the stress-energy tensor is annihilated by Q+, so com-
ponents of T by itself do not represent any Q+-cohomology classes. However, certain
relations hold in the cohomology, in particular T++−−− i2∂−−j++ is Q+-exact. If we define
the “virial current” Vµ as:
V−− = 0, V++ = ij++, (2.18)
then we have:
Tµµ = ∂
µVµ − {Q+, 4iS+−−}, (2.19)
which looks like condition for an effective scale-invariance [22], with the effective current
for constant dilatations given by dµ = x
νTνµ − Vµ. This current is “almost conserved”:
∂µdµ = {Q+, . . . }. (2.20)
The current dµ itself is not Q+-closed. Even though dµ is not precisely conserved, only up
to Q+-exact terms, we still can try to define a “charge” D corresponding to this current.
If we have a local operator O(0) inserted at the origin, we define the action of D on this
operator as follows. Pick a contour C enclosing O(0) and define:
[D,O(0)] =
∮
C
?d(x)O(0) =
∮
C
dxµµνd
ν(x)O(0). (2.21)
This definition is clearly contour-dependent, since dµ(x) is not conserved. As we deform
the contour a bit, [D,O(0)] changes by [∂µdµ(x),O] integrated over the area swept by the
deformation of the contour. But ∂µdµ(x) is Q+-exact, so if O(0) is Q+-closed, the change
in [D,O(0)] under the contour deformation is Q+-exact. This means that [D,O(0)] is
well-defined up to a Q+-exact piece when it acts on Q+-closed operators. Moreover, one
can check that:
[D,Q+] = Q+, (2.22)
which shows that D maps Q+-closed operators into Q+-closed operators. So we conclude
that D is a well-defined operator in the cohomology. It generates scale-transformations
there. Since D is not Q+-closed itself, we can say that scale transformations act as outer
automorphisms in the cohomology.
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2.2.2 Emergent conformal invariance in the cohomology
In the previous subsection we considered a general N = (0, 2) theory in 2d, which a priori
did not have any R-symmetries. The lowest component j++ of the superfield S++ did not
satisfy any conservation laws and, moreover, was not even accompanied by j−−. As was
noted in [20], if we restrict to the case C = 0 and W− = i2D+R−−, where R−− is another
real superfield (and also relabel S++ by R++), we get what is called an R-multiplet. The
equation relating S++ and W− becomes simply ∂−−R++ + ∂++R−− = 0, so the lowest
component j−− of R−− together with j++ form a conserved R-current. So we have:
R−− = j−− − 2iθ+S+−− − 2iθ+S+−− − 2θ+θ+T++−−, (2.23)
with ∂++j−− + ∂−−j++ = 0. In this situation, it becomes possible to define a new stress-
energy tensor:
T˜++++ = T++++ +
i
2
∂++j++,
T˜++−− = T++−− − i
2
∂−−j++,
T˜−−−− = T−−−− − i
2
∂−−j−−, (2.24)
which is also symmetric and conserved (by virtue of the conservation of j), but also it
satisfies:
T˜++++ = {Q+, . . . }, T˜++−− = {Q+, . . . },
T˜−−−− 6= {Q+, . . . }, {Q+, T˜−−−−} = 0. (2.25)
This procedure for N = (0, 2) theories is known as a half-twisting. The above relations
demonstrate that when it can be performed, one has the full 2d conformal invariance in
the cohomology of Q+: the cohomology class represented by T˜−−−− plays the role of the
holomorphic2 stress-energy tensor. It also ensures that the Q+-cohomology is invariant
under the RG flow. The RG invariance of the chiral algebra implies that it carries a useful
information about the IR fixed point.
Let us also take a closer look at the ambiguities of the supercurrent multiplet in
the presence of R-symmetry. The improvement transformations are determined by a real
superfield U though (2.14), which tells us how R++,W− and T−−−− are improved. On
R−− it acts by:
R−− → R−− − 2∂−−U˜ , (2.26)
where the relation between U and U˜ is as in (2.8), that is
U = u+ iθ+χ+ + iθ
+
χ+ + θ
+θ
+
∂++v,
U˜ = v + θ+χ+ − θ+χ+ − θ+θ+∂++u. (2.27)
For an improvement transformation of the R-multiplet to make sense, we have to assume
that both U and U˜ are local superfields. In view of the comment we made before, this
2To be more precise, we should Wick rotate to the Euclidean signature in order to have holomorphy.
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restricts the class of allowed U . While for a general supercurrent multiplet the improvem
ent transformations were parametrized by an arbitrary local real superfield U , for the R-
multiplet they are parametrized by such a local real superfields U that U˜ is also local.
Thus the R-multiplet allows a smaller class of improvements then a general supercurrent
multiplet. This is not surprising after all. For the general supercurrent multiplet, only
the stress-energy tensor and the supersymmetry currents are conserved, so improvements
should only preserve their conservation. In the R-multiplet, on the other hand, we also have
the conserved R-current, so preserving its conservation (and the R-charge value) restricts
the class of allowed improvements.
In terms of component currents, the improvement transformation is:
j++ → j++ + 2∂++v, j−− → j−− − 2∂−−v,
T++++ → T++++ + ∂2++u, T++−− → T++−− − ∂++∂−−u, T−−−− → T−−−− + ∂2−−u,
S+++ → S+++ + i∂++χ+, S+−− → S+−− − i∂−−χ+,
S+++ → S+++ − i∂++χ+, S+−− → S+−− + i∂−−χ+.
(2.28)
As expected, this transformation does not spoil conservation of any of these currents.
It does not shift values of any conserved charges either. Also, it is easy to check that
components T˜++++ and T˜++−− of the half-twisted stress-energy tensor are shifted by Q+-
exact terms. On the other hand, T˜−−−− is shifted by ∂2−−(u + iv), which is, being the
lowest component of chiral superfield U + iU˜ , is Q+-closed but generally is not Q+-exact.
Therefore, there is a family of possible holomorphic stress tensors in the Q+-cohomology,
corresponding to different improvements.
Another ambiguity, namely shifting by the superspace current I±±, works in a straight-
forward way:
R++ → R++ + I++,
R−− → R−− + I−−,
T−−−− → T−−−− + 1
2
∂−−I˜−−. (2.29)
If we denote the components of I±± by:
I±± = i±± − 2iθ+I+±± − 2iθ+I+±± − 2θ+θ+H++±±, (2.30)
and introduce a local operator h−− such that
∂++h−− = H++−−, (2.31)
then the shifting transformation in components works as:
j±± → j±± + i±±,
S+±± → S+±± + I+±±,
S+±± → S+±± + I+±±,
T++±± → T++±± +H++±±,
T−−−− → T−−−− − ∂−−h−−. (2.32)
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This ambiguity will naturally arise in a later discussion.
2.2.3 OPE in the cohomology
If we have two operators O1 and O2 representing nontrivial Q+-cohomology classes, we
can consider their OPE. On very general grounds we have:
O1(x++, x−−)O2(0, 0) =
∑
n,m
(x++)n(x−−)mOn,m(0, 0). (2.33)
Now recall that the operator ∂++ acts trivially in the cohomology, that is if O1 is Q+-
closed, then ∂++O1 is Q+-exact, and thus so is ∂++O1(x++, x−−)O2(0, 0). Acting with
∂++ on the right-hand side then gives a Q+-exact answer, that is:∑
n,m
n(x++)n−1(x−−)mOn,m(0, 0) = [Q+, . . . ]. (2.34)
This implies that all terms except those with n = 0 are Q+-exact. If the cohomology
classes represented by Oi have scaling dimensions hi, we can then write:
O1(x++, x−−)O2(0, 0) =
∑
k
1
(x−−)h1+h2−hk
Ok(0, 0) + [Q+, . . . ]. (2.35)
Note also that, since in the cohomology we have left-movers only, scaling dimensions and
spins coincide3. This, in particular, implies an obvious conclusion that no dimensionful
constants can appear in the OPE of the cohomology classes. Any dimensionful constant
will have non-trivial dimension but trivial spin, and therefore its appearance will either
break scaling or Lorentz-invariance of the OPE. Indeed, if we have some dimensionful
parameter µ, then in the expression:
O1(x++, x−−)O2(0, 0) =
∑
k
µp
(x−−)∆
Ok(0, 0) + [Q+, . . . ], (2.36)
scaling invariance implies ∆ = h1 + h2 − hk − h(µ)p, where h(µ) is the dimension of µ,
while Lorentz invariance implies ∆ = h1 + h2 − hk. This is possible only for p = 0, that is
µ should not be there.
All dependence on dimensionful coupling constants of the original supersymmetric
theory will therefore be hidden in the Q+-exact term. This simple observation will be
helpful later. It will imply that one can turn off all dimensionful couplings for the OPE
computation. In the models we are going to study this will mean that it is enough to
compute OPE in the free theory.
3Even if the operator representing the cohomology class in the full theory is not left-moving, the class
it represents is left-moving. Since Lorenz-invariance of the full theory induces Lorenz-invariance in the
cohomology, one indeed can use the argument made in the text.
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2.3 Chiral algebras of superconformal theories
For superconformal theories, the N = (0, 2), d = 2 super-Poincare algebra of symmetries
is enhanced to Vir⊕ S˜Vir, where Vir denotes the left-handed Virasoro algebra (generated
by the holomorphic stress-energy tensor) and the S˜Vir denotes the right-handed N = 2
super-Virasoro algebra (generated by the corresponding anti-holomorphic currents). The
left-handed algebra might be enlarged to the super-Virasoro as well (or even some larger
W-algebra) if we have more symmetries on the left, but it graded-commutes with the N = 2
Virasoro on the right in any case.
Let us restrict to the NS sector of the S˜Vir. The operators Q+ and Q+ can be identified
as G˜+−1/2 and G˜
−
−1/2 respectively – two of the fermionic generators of S˜Vir (we put tildes
on S˜Vir and on its generators to emphasize that this is an anti-holomorphic algebra). In
a conformal case, we have the radial quantization Hilbert space H, and we assume that it
has an inner product, such that G˜−1/2 =
(
G˜+−1/2
)†
is a special supersymmetry generator.
Part of the super-Virasoro algebra relations are:
{G˜−−1/2, G˜+−1/2} = 2L˜−1,
{G˜+−1/2, (G˜+−1/2)†} ≡ {G˜+−1/2, G˜−1/2} = 2L˜0 − J˜0. (2.37)
Recall that in conformal case we have a state-operator correspondence. Therefore, instead
of computing the operator cohomology, we can equivalently ask for the cohomology of
G˜+−1/2 acting on the Hilbert space H. The second equation in (2.37) shows that, by the
standard Hodge theory argument, this cohomology can be identified with the kernel of
2L˜0 − J˜0. Also, in a unitary theory, it shows that 2L˜0 − J˜0 ≥ 0.
Now, every state in the Hilbert space is built by acting with L˜−n, J˜−n, G˜+−α, G˜
−
−α, n, α >
0 on a superconformal primary state. It is easy to see that all these operators except G˜+−1/2
increase the eigenvalue of 2L˜0−J˜0, while G˜+−1/2 does not change it. Therefore, if the primary
state has 2L˜0 − J˜0 > 0, then all states in its superconformal family have 2L˜0 − J˜0 > 0
and thus do not contribute to the cohomology. On the other hand, if some primary state
|∆〉 has zero eigenvalue of 2L˜0− J˜0, then so does G˜+−1/2|∆〉, while other states in the same
conformal family have 2L˜0 − J˜0 > 0. But (2L˜0 − J˜0)|∆〉 = 0 and the second equation
of (2.37) imply that G˜+−1/2|∆〉 = 0. Therefore, in such a case there is just one non-trivial
state in the superconformal family which contributes to the cohomology – the primary state
itself. This way we prove that in the NS sector of a unitary N = (0, 2) superconformal
theory there is an isomorphism:
H(H, G˜+−1/2) ' {Primaries of S˜Vir with 2L˜0 − J˜0 = 0}
= {|ψ〉 ∈ H : L˜n|ψ〉 = J˜n|ψ〉 = G˜+α−1|ψ〉 = G˜−α |ψ〉 = (2L˜0 − J˜0)|ψ〉 = 0, n, α > 0}.
(2.38)
Notice that these are what is usually called the chiral primaries with respect to S˜Vir. In
fact, this is essentially the construction of [21] applied to N = (0, 2) theories. In the
N = (2, 2) case, [21] describe the chiral ring of the N = (2, 2) model by studying the set of
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(anti)chiral primaries both with respect to the left- and the right-moving super-Virasoro
algebras. For the N = (0, 2) theories, we have in (2.38) only the chiral primary condition
with respect to the right-moving super-Virasoro algebra. For that reason, the object we
get is not just the chiral ring: it involves holomorphic OPEs as part of its structure and is
usually referred to as the W-algebra, or also chiral algebra.
Another remark is that for N = (2, 2) theories, the chiral algebra that we study
encodes the (c, c) and (a, c) rings of [21] as a part of its structure. Indeed, by considering
the subspace of H(H, G˜+−1/2) annihilated by 2L0 − J0, where L0 and J0 are from the left-
moving SVir algebra, we get the space {|ψ〉 ∈ H : (2L0 − J0)|ψ〉 = (2L˜0 − J˜0)|ψ〉 = 0},
which is the space of chiral primaries with respect to both SVir and S˜Vir, and therefore
gives rise to the (c, c) ring under the OPE. Analogously, picking the subspace annihilated
by L0 + J0, we get the (a, c) ring.
One consequence of this is that in N = (2, 2) theories, the (anti)chiral primaries, which
form the (c, c) or (a, c) rings of the theory, always show up in the chiral algebra as primaries
of the left-moving S˜Vir. In the simplest cases they will generate the whole chiral algebra,
but as we will see later, there might be other primary operators in the algebra, which are
not simply elements of the (c, c) or (a, c) ring.
2.4 The operator cohomology and the superspace
2.4.1 Classical and quantum observables
In the models we are going to study later in this paper, the chiral algebra will turn out to
be tree-level exact. As we will argue, no loop corrections will contribute to the cohomology.
However, despite our usual intuition that “tree level” means “classical”, it is important to
understand that the quantum chiral algebra in the Q+-cohomology is not the same as the
classical one. The distinction comes from the way we multiply operators.
In classical field theory, to multiply fields we use the usual point-wise multiplication
of functions on space-time. In quantum theory, even at the tree level, we should subtract
singularities which appear when different operators collide, which for example gives the
usual notion of normal ordering in CFT.
It might happen (and it will happen in concrete examples) that the classical composite
operator is Q+-closed, but the singular part we need to subtract to define the quantum
operator is not Q+-closed. This subtlety should be taken into account when computing the
chiral algebra of the theory. But still, as a step in this direction, it is useful to understand
the structure of the classical chiral algebra first.
2.4.2 Classical observables and the cohomology
Let us introduce the space of classical observables F and the space of classical superob-
servables F̂ . We will sometimes refer to a generic field as φ and to a generic superfield as
Φ. Both of these spaces classically carry the structures of supercommutative algebras.
Definition 2.1: F is a supercommutative algebra of polynomials of fields φ and their
derivatives ∂n−−∂m++φ whose coefficients are analytic functions on a space-time, modulo
classical equations of motion. In other words, F = Cω(M)[. . . , φ, ∂n−−∂m++φ, . . . ]/I, where
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Cω(M) denotes analytic functions on M , and I denotes an ideal generated by the equations
of motion and all their derivatives.
If the classical equations of motion do not depend on space-time coordinates explicitly
(only through the coordinate-dependence of the generating fields), we can introduce:
Definition 2.1’: F0 is a subalgebra of F of observables which do not depend on
a space-time point explicitly. In other words, it is generated by the same fields and their
derivatives as F (and also modulo equations of motion), but the coefficients are taken to
be just complex numbers rather than functions.
There are straightforward superspace analogs of these:
Definition 2.2: F̂ is a supercommutative algebra of polynomials of superfields Φ
and their bosonic and super-derivatives ∂n−−∂m++D
p
+D
q
+Φ whose coefficients are analytic
functions on superspace, modulo classical superspace equations of motion.
If the superspace equations of motion do not include any explicit dependence on a su-
perspace point, i.e. if they have the form of a polynomial of generating fields ∂n−−∂m++D
p
+D
q
+Φ
with complex coefficients, we again can define a subalgebra:
Definition 2.2’: F̂0 is a subalgebra of F̂ of superobservables which do not depend
on a space-time point explicitly. In other words, it is generated by the same superfields
and their derivatives as F̂ (and also modulo superspace equations of motion), but the
coefficients are taken to be just complex numbers rather then functions.
Our goal is to compute the cohomology of Q+ acting on F in the situation when the
equations of motion do not depend on the superspace point explicitly. The first observation
is that the operator Q+ only acts on the generating fields of the algebra F , it does not
act on the c-number functions which can possibly multiply these fields. This means that
it is enough to compute the cohomology of Q+ acting on F0. To be more rigorous, we can
introduce operators of multiplication by xµ called m(xµ):
∀O ∈ F , m(xµ)O = xµO, (2.39)
and notice that they commute with Q+. Then we can introduce a bigrading on F by saying
that an explicit factor of (x0)n(x1)m has degree (n,m). After this it becomes obvious that
H(F) '
⊕
n,m≥0
Hn,m(F), (2.40)
where the bar over the right hand side means that we should actually consider a completion
of this space with respect to some norm, because we have to allow infinte sums (series) to
account for the possibility of having analytic functions as coefficients.
As we mentioned, Q+ does not act in any way on x
µ, and because of that:
Hn,m(F) ' H(F0). (2.41)
Therefore, from now on we will only study the cohomology in F0, which of course only
makes sense when the equations of motion do not depend on the superspace point explicitly.
– 13 –
2.4.3 The cohomology of Q+ in F0 and of D+ in F̂0
Take an arbitrary A ∈ F̂0. A is some general superfield, and it can be expanded into
components with respect to the Grassmann coordinates. The most basic property it satis-
fies is that the supersymmetry transformations of its components are encoded in the way
differential operators Q+ and Q+ act on it. This follows simply from the fact that this
holds for the generating superfields from which A is constructed and the fact that we do
not allow explicit dependence on the superspace coordinates in the algebra F̂0. So we have:
[Q+,A] = Q+A, (2.42)
and the same for Q+. Supersymmetry relates all components of A and it is straightforward
to see that:
Proposition 2.1: If the lowest component A∣∣ of the superfield A ∈ F̂0 vanishes, then
A = 0.
The algebras F0 and F̂0 are related in an obvious way: any element of F0 can be found
as a component of some superfield in F̂0. In particular, we can always find a superfield A
which contains a given element a ∈ F0 as its lowest component. Moreover, supersymmetry
defines this A uniquely, so:
Proposition 2.2: For any a ∈ F0 there exists a unique A ∈ F̂0 such that a = A
∣∣.
The problem which we are addressing is to find the cohomology of Q+ in F0. That
is, the classes of fields a ∈ F0 which satisfy [Q+, a] = 0, modulo those a for which a =
[Q+, b], b ∈ F0. Now from the Proposition 2, we know that there exist A,B ∈ F̂0, such that
a = A| and b = B|. The equation [Q+, a] = 0 implies then Q+A| = 0.
There is a small subtlety here which shows why it is correct to look for the cohomology
of D+ rather than Q+: D+ acts on F̂0 by definition, while Q+ = D+ +2iθ+∂+ does not, as
it introduces an explicit dependence on θ (therefore Q+ acts from F̂0 to a bigger space F̂).
However, we can write: D+A| = Q+A| = 0. But D+A ∈ F̂0, so we can apply Proposition
1 and conclude that D+A = 0. Analogously a = [Q+, b] implies A = D+B. This proves
the
Proposition 2.3: The cohomology of Q+ in F0 (denoted H(F0)) is isomorphic to the
cohomology of D+ in F̂0 (denoted H(F̂0)). The isomorphism H(F̂0) → H(F0) is defined
by taking the lowest component of the superfield.
This proposition shows why in the rest of the paper we are going to study the coho-
mology of D+.
3 Landau-Ginzburg models
The N = (0, 2) Landau-Ginzburg (LG) model is described by a set of chiral superfields
Φi, i = 1..n and Fermi superfields Λa, a = 1..m. The action is (we assume summation over
repeated indices, even if they both appear upstairs or downstairs; sometimes we will write
the sum sign explicitly to avoid possible confusion):
S =
1
pi
∫
d2xd2θ
{
− i
2
Φ
i
∂−−Φi − 1
2
Λ
a
Λa
}
+
1
pi
∫
d2xdθ+ΛaJa(Φ)|θ+=0 + h.c., (3.1)
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where in general D+Λ
a = Ea(Φ) and
∑
aE
a(Φ)Ja(Φ) = 0. The classical superspace
equations of motion are:
D+∂−−Φ
i
= iΛ
a∂Ea
∂Φi
− 2iΛa ∂Ja
∂Φi
,
D+∂−−Φi = −iΛa∂E
a
∂Φ
i
+ 2iΛ
a∂Ja
∂Φ
i
,
D+Λ
a
= −2Ja(Φ),
D+Λ
a = 2Ja(Φ). (3.2)
The supersymmetry currents of this theory are:
S+++ =
i
2
ψi+∂++φ
i
, S+++ = − i
2
ψ
i
+∂++φ
i,
S+−− =
i
2
λaE
a
(φ)− iλaJa(φ), S+−− = iλaJa(φ)− i
2
λ
a
Ea(φ). (3.3)
It is not hard to find a superfield S++ such that S+++ = i2D+S++| and S+++ = − i2D+S++|:
S++ = 1
2
D+Φ
iD+Φ
i
. (3.4)
If we also introduce:
W− = i
2
Λ
a
Ea − iΛaJa,
T−−−− = ∂−−Φi∂−−Φi + i
2
Λa∂−−Λ
a − i
2
∂−−ΛaΛ
a
, (3.5)
then we find that:
∂−−S++ = D+W− −D+W−,
D+T−−−− = ∂−−W−,
D+W− = 0. (3.6)
We see that these are precisely the relations (2.11) of the N = (0, 2) d = 2 supercurrent,
and moreover, the component expansions of S++, W− and T−−−−, written as in (2.12),
include the supersymmetry currents (3.3). Therefore, we have described the supercurrent
multiplet of the theory (3.1). In a generic situation, it is not an R-multiplet, because there
are no R-symmetries.
The algebra F̂0 is a supercommutative algebra freely generated by superfields Φi,Φi,Λa,Λa
and their derivatives (with respect to ∂−−, ∂++, D+ and D+ applied arbitrary number of
times) modulo the relations. The relations are: the ones that follow from {D+, D+} =
2i∂++ and D
2
+ = D
2
+ = 0, the chirality conditions D+Φ
i = 0, D+Λ
a = Ea(Φ) and the
superspace equations of motion as written above. All differential corollaries of the relations
should also be included as relations of course.
It is not too hard to find a set of independent generators G, so that all the relations will
be taken into account and we will have simply F̂0 ' C[G], a polynomial algebra generated
by those generators.
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We will now find this G. First of all, due to the chirality conditions, Φi can only appear
with the D+ derivative (moreover, with at most one, because D
2
+ = 0), and Φ
i
– with D+.
The chirality condition for Λa allows to replace D+Λ
a by Ea(Φ), while the equation of
motion D+Λ
a = −2Ja(Φ) allows to replace D+Λa by an expression without derivatives.
Therefore it is enough to consider only bosonic derivatives acting on Λa. However the
simple relation:
2i∂++Λ
a = {D+, D+}Λa = D+D+Λa +D+D+Λa = D+Ea(Φ) + 2D+Ja(Φ) (3.7)
shows that ∂++ derivatives acting on Fermi superfields can also be removed. Therefore,
in the generating set G, it is enough to include only ∂n−−Λa and ∂n−−Λa, with n ≥ 0,
and the appropriate derivatives of bosonic chiral superfields. By appropriate derivatives
of bosonic chiral superfields we mean the following. First, we need to include ∂n−−Φi and
∂n−−Φ
i
with n ≥ 0. D+Φi and D+Φi should also be included, but there is no need to
include expressions like D+∂
n−−Φi, because, as equations of motion for Φi show, D+∂−−Φi
and D+∂−−Φ
i
can be replaced by expressions without derivatives. Expressions like ∂n++Φ
i,
D+∂
n
++Φ
i and their complex conjugates have to be included, they cannot be reduced to
expressions without derivatives. Finally, there is no need to include both ∂++ and ∂−−
derivatives because of:
2i∂++∂−−Φ
i
= D+D+∂−−Φ
i
= D+
(
iΛ
a∂Ea
∂Φi
− 2iΛa ∂Ja
∂Φi
)
. (3.8)
So, to summarize, we write the generating set explicitly:
G = {∂n−−Φi, ∂n−−Φi, ∂n++Φi, D+∂n++Φi, ∂n++Φi, D+∂n++Φi, ∂n−−Λa, ∂n−−Λa, n ≥ 0}. (3.9)
To emphasize once again, we claim that:
F̂0 ' C[G]. (3.10)
Using the relations satisfied by the fields, it is not hard to describe the action of D+ in
terms of the generators in G. We have:
D+(∂
n
−−Φ
i) = 0,
D+(∂
n
−−Φ
i
) = ∂n−1−−
(
iΛ
a∂Ea
∂Φi
− 2iΛa ∂Ja
∂Φi
)
,
D+(∂
n
++Φ
i) = 0, D+(D+∂
n
++Φ
i) = 2i∂n+1++ Φ
i,
D+(∂
n
++Φ
i
) = D+∂
n
++Φ
i
, D+(D+∂
n
++Φ
i
) = 0,
D+(∂
n
−−Λ
a) = ∂n−−E
a(Φ),
D+(∂
n
−−Λ
a
) = −2∂n−−Ja(Φ). (3.11)
From these formulas we can guess that polynomials of ∂n−−Φi should be in the cohomology.
However, we need some extra assumptions about Ea and Ja in order to move further.
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3.1 Quasihomogeneous case
As we have already learned, it is interesting to consider the case when the theory has an
R-symmetry. In such a case, we expect to have a stress-energy tensor in the cohomology.
It is not hard to check that the following transformation:
θ+ → e−iθ+,
Φi → e−iαiΦi,
Λa → e−iα˜aΛa (3.12)
is a symmetry of the classical action if and only if the following quasihomogeneity conditions
are satisfied:
α˜aJa +
∑
i
αiΦ
i ∂Ja
∂Φi
= Ja,
−α˜aEa +
∑
i
αiΦ
i∂E
a
∂Φi
= Ea, (3.13)
where αi and α˜a are real numbers. It is a matter of a standard calculation to find the real
conserved current j±± for this R-symmetry. It is then straightforward to write a superfield
which has it as the lowest component. The answer is:
R++ = − i
2
∑
i
αi
(
Φi∂++Φ
i − Φi∂++Φi
)
+
1
2
∑
i
(1− αi)D+ΦiD+Φi
R−− = − i
2
∑
i
αi
(
Φi∂−−Φ
i − Φi∂−−Φi
)
−
∑
a
α˜aΛ
aΛ
a
. (3.14)
It is not a coincidence that we called it R. In fact, one can check that the equations
of motion imply ∂−−R++ + ∂++R−− = 0. Therefore, higher components of R are also
conserved currents. This is the supercurrent multiplet discussed before provided we can find
another real superfield Y−−−− (which has possibly improved stress-energy tensor T−−−−
as its lowest component) satisfying the required constraints. As one can check from (2.11),
the condition4 on Y−−−− is:
D+Y−−−− = i
2
D+∂−−R−−. (3.15)
Note that D+Y−−−− = − i2D+∂−−R−− is then satisfied automatically. This defines Y−−−−
uniquely up to an arbitrary function of x−, as Y−−−− → Y−−−− + f(x−) preserves the
above constraints. A simple computation allows to find a real superfield such that it satisfies
these constraints:
Y−−−− =
∑
i
[
∂−−Φi∂−−Φ
i − αi
4
∂2−−(Φ
i
Φi)
]
+
∑
a
[
i
2
Λa∂−−Λ
a − i
2
∂−−ΛaΛ
a
]
. (3.16)
4The fact that this Y−−−− together with Y++++ = i4 [D+, D+]J++ and Y++−− = i4 [D+, D+]J−− form
a conserved superspace current then follows automatically.
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Therefore, we actually have a supercurrent multiplet described by R++, R−− and Y−−−−,
which is, moreover, an R-multiplet in the terminology of [20], as reviewed in Section 2.2.
The Q+-cohomology class represented by the twisted stress-energy tensor T˜−−−− from
(2.24) promotes to the D+-cohomology class represented by the superfield:
Y˜ = Y−−−− − i
2
∂−−J−−
=
∑
i
[
∂−−Φi∂−−Φ
i − αi
2
∂−−(Φi∂−−Φ
i
)
]
+
∑
a
[
i
2
Λa∂−−Λ
a − i
2
∂−−ΛaΛ
a
+
iα˜a
2
∂−−(ΛaΛ
a
)
]
.
(3.17)
This is precisely the stress-energy tensor in the cohomology as found in [11]. At first sight,
one could think that this is the end of the story. However, there are some subtleties here,
which we will now discuss.
First of all, how is this R-multiplet related to the more general supercurrent multiplet
which we found in (3.6)? The answer is simple. If we also define
V− = i
2
D+R−−, (3.18)
then R++, V− and Y−−−− form a supercurrent multiplet related to S++, W− and T−−−−
by the improvement transformation:
R++ = S++ + [D+, D+]U,
V− =W− + ∂−−D+U,
Y−−−− = T−−−− + ∂2−−U,
U = −
∑
i
αi
4
ΦiΦ
i
. (3.19)
Note that the superfield U cannot be represented as a real part of some local chiral su-
perfield. Therefore this is an example of the improvement transformation allowed for the
general supercurrent multiplet but not allowed for the R-multiplet. As we will see mo-
mentarily, there might exist several R-multiplets which are not equivalent to each other as
R-mulitplets (cannot be related to each other by the R-multiplet improvements), but they
all are related to the same supercurrent multiplet S++,W−, T−−−− by the more general
improvement described above.
So now we will discuss the possibility of having several inequivalent R-multiplets. Note
that the quasihomogeneity conditions (3.13) might have more than one solution. This
corresponds to having an extra flavor U(1) symmetry, which can then mix with the R-
symmetry to give another solution of (3.13) (in terms of current, this means to replace the
R-symmetry current jR by jR + jF , where jF is a Flavor symmetry current).
The flavor symmetry does not rotate the thetas, so it acts just as:
Φi → e−iqiΦi,
Λa → e−iq˜aΛa. (3.20)
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The condition that this is a symmetry of the classical action is:
q˜aJa +
∑
i
qiΦ
i ∂Ja
∂Φi
= 0,
−q˜aEa +
∑
i
qiΦ
i∂E
a
∂Φi
= 0. (3.21)
We can see now that if {αi, α˜a} is some solution of (3.13) and {qi, q˜a} is some solution of
(3.21), then {αi + qi, α˜a + q˜a} is another solution of (3.13). This is actually the ambiguity
of the supercurrent multiplet which we were discussing before. In case we have extra
superspace currents, the basic supercurrent mutiplet S++,W−, T−−−− can be shifted. Let
us belabor this point somewhat further.
One can compute the current corresponding to the flavor symmetry (3.20) and find
the real superfield which contains it as the lowest component:
I−− = −
∑
a
q˜aΛ
aΛ
a − i
2
∑
i
qi
(
Φi∂−−Φ
i − Φi∂−−Φi
)
,
I++ = −1
2
∑
i
qiD+Φ
iD+Φ
i
+
i
2
∑
i
qi
(
Φ
i
∂++Φ
i − Φi∂++Φi
)
. (3.22)
On shell these are conserved at the level of superfields:
∂++I−− + ∂−−I++ = 0. (3.23)
One can do a small computation to check that the following superfield:
F−− = −
∑
a
q˜aΛ
aΛ
a − i
∑
i
qiΦ
i∂−−Φ
i
(3.24)
is chiral on-shell, i.e. it satisfies D+F−− = 0 provided the equations of motion hold.
In particular, it means that this F−− gives rise to the left-moving U(1) current in the
cohomology. But it is also true that:
ReF−− = I−−. (3.25)
Therefore, there exists a local expression for the superfield I˜−−:
I˜−− = ImF−− = −1
2
∑
i
qi∂−−(ΦiΦ
i
). (3.26)
So, according to the general discussion from the Section 2.2, we can shift the R-multiplet
using this I±±. Recall that the shift is:
R++ → R++ + I++,
R−− → R−− + I−−,
Y−−−− → Y−−−− + 1
2
∂−−I˜−−. (3.27)
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For the D+-closed element Y˜−−−− = Y−−−− − i2J−−, we have:
Y˜−−−− → Y˜−−−− − i
2
∂−−(I−− + iI˜−−) = Y˜−−−− − i
2
∂−−F−−. (3.28)
So the cohomology class [Y˜−−−−] gets shifted by − i2 [∂−−F−−].
Let us summarize. We have the family of R-current multiplets generated by shifts
using the superspace current I±±. In the cohomology this corresponds to having an extra
left-moving U(1) current [F−−] generating an ambiguity of the stress-energy tensor in the
cohomology, as we can do shifts of the cohomology class [Y˜−−−−] by [∂−−F−−].
But the conformal theory to which our LG model flows in the IR supposedly should
have a unique stress-energy tensor, which thus gives a preferred stress-energy tensor for
the chiral algebra in the Q+-cohomology. One can ask a natural question: which of the
R-current multiplets above corresponds to the true stress-energy tensor of the theory in the
IR? The answer is simple: the correct stress-energy tensor is the one, for which the U(1)
current [F−−] is a primary operator in the cohomology, at least when it is possible to make
it primary (we will discuss this point later). It is clear that this corresponds to extremizing
the central charge of the corresponding Virasiro algebra (see the next subsection). To
turn this statement into a criteria for picking the unique solution (αi, α˜a) of (3.13), we
need to understand first how to compute the operator product expansions (OPE) in the
cohomology.
3.1.1 The OPE in the cohomology
The component action of the model that we study is:
S = SD + SF , (3.29)
where the D-term action is:
SD =
1
pi
∫
d2x
(
− ∂−−φi∂++φi − i
2
ψ
i
+∂−−ψ
i
+ − iλa∂++λa −
1
2
GaG
a
+
i
2
∂iE
a(φ)λ
a
ψi+ −
i
2
∂iE
a
(φ)ψ
i
+λ
a +
1
2
Ea(φ)E
a
(φ)
)
, (3.30)
and the F-term is:
SF =
1
pi
∫
d2x
(
GaJa(φ) +G
a
Ja(φ)− iλaψi+∂iJa(φ)− iλaψi+∂iJa(φ)
)
. (3.31)
All couplings come from the E and J-type superpotentials. Note that φ is dimensionless in
2d, (and fermions are of dimension 1/2), therefore both Ea and Ja should have dimension 1.
We will include an explicit coupling µ of dimension 1 in the theory, and replace Ea → µEa
and Ja → µJa in the above action, thinking of Ea(φ) and Ja(φ) as dimensionless functions
of dimensionless fields φi now.
In Section 2.2.3 we saw that in order to compute the OPE of the cohomology classes
we can turn off all dimensionful couplings in the theory. In particular, we can tune µ to
– 20 –
zero. This will remove all interactions from the above action. Thus to compute the OPE
of the cohomology classes, it is enough to consider the free theory:
S0 =
1
pi
∫
d2x
(
− ∂−−φi∂++φi − i
2
ψ
i
+∂−−ψ
i
+ − iλa∂++λa −
1
2
GaG
a
)
. (3.32)
Its correlators can be conveniently combined into superfield correlators:〈
Φ
i
(x, θ′)Φj(y, θ)
〉
= δij log
(
r−−r++
)
,〈
Λ
a
(x, θ′)Λb(y, θ)
〉
= δab
i
r−−
,
(3.33)
where
r−− = x−− − y−−, r++ = x++ − y++ + iθ+θ+ + iθ′+θ′+ + 2iθ′+θ+. (3.34)
Now we want to compute the OPE of Y˜ from (3.17) with itself. Y˜ represented a candidate
stress-energy tensor in the cohomology and was given by:
Y˜ =
∑
i
[(
1− αi
2
)
∂−−Φi∂−−Φ
i − αi
2
Φi∂2−−Φ
i
]
+
∑
a
[
i
2
(1 + α˜a)Λ
a∂−−Λ
a − i
2
(1− α˜a)∂−−ΛaΛa
]
.
(3.35)
Using the OPE above, we find that:
Y˜(x)Y˜(y) ∼ c/2
(x−− − y−−)4 +
2Y˜(y)
(x−− − y−−)2 +
∂−−Y˜(y)
x−− − y−− + {Q+, . . . }, (3.36)
where the notation {Q+, . . . } for the unimportant term is slightly inaccurate: what we
actually mean is that the term that we drop becomes Q+-exact after we put θ
+ = θ
+
= 0,
but as a shorthand we will denote it as {Q+, . . . }. The central term is:
c =
∑
i
(2− 6αi + 3α2i ) +
∑
a
(1− 3α˜2a). (3.37)
This matches the result of [11] and shows that we indeed have the stress-energy tensor in
the cohomology.
Before we found that in case there is a U(1) flavor symmetry, there is another D+-
closed superfield F−−, which gives rise to the left-moving U(1) current in the cohomology.
Recall that:
F−− = −
∑
a
q˜aΛ
aΛ
a − i
∑
i
qiΦ
i∂−−Φ
i
. (3.38)
We can similarly compute its OPE:
F−−(x)F−−(y) ∼
∑
i q
2
i −
∑
a q˜
2
a
(x−− − y−−)2 + {Q+, . . . }. (3.39)
This current creates ambiguity, as we explained before: we can replace Y˜ by Y˜ +
λ∂−−F−− for any λ ∈ R and get another stress-energy tensor in the cohomology. The
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unique one is picked by requiring that the [F−−] cohomology class be primary with respect
to the correct stress-energy tensor, whenever it is possible to impose such a condition.
Equivalently, since shifting by the current shifts the central charge, one can ask that the
value of the central charge (3.37) be extremal with respect to the shifts (αi, α˜a) → (αi +
λqi, α˜a + λq˜a). Any of these two criteria of course give the same equation:
5∑
i
qi(1− αi) +
∑
a
q˜aα˜a = 0. (3.40)
In a generic situation, this equation allows to pick a unique solution (αi, α˜a) and write a
correct stress-energy tensor. If the action admits f independent U(1) flavor symmetries
described by charges (qni , q˜
n
a ), n = 1 . . . f , we should write the equation (3.40) for each
of them. Again, generically, one can expect this to give a condition to pick the unique
stress-energy tensor in the cohomology.
However, non-generic situations are possible, when this equation might either not fix
the stress-energy tensor completely, or might have no solutions at all. We will explore such
examples for the N = (2, 2) theories later: in such cases, indices a and i take the same
set of values, we have α˜a = αi=a, and flavor symmetries (which should differ from the
N = (2, 2) R-symmetries) have q˜a = qi=a. Therefore the equation (3.40) reduces to just∑
i qi = 0, which either holds identically and therefore imposes no constraints on αi, or
does not hold at all. In a former situation, the ambiguity of choosing the unique stress-
energy tensor is not removed and is just present in the IR. In a latter situation, there is
no solution to (3.40), which means that [F−−] cannot be made primary by choosing the
proper stress-energy tensor. There is an unwanted central term in the Y˜F−− OPE, which
cannot be removed and signals that there is an obstruction for the IR compact CFT to
exist. We will see in examples that there is a flat direction in the potential. This is usually
interpreted as a lack of normalizable vacuum.
One can also note that if we decide to study the gauge theory obtained by gauging
the flavor symmetry with charges (qi, q˜a), then the above equations become related to
anomalies. Namely, the central term in the F−−F−− OPE becomes just the gauge anomaly
(so it is the t’Hooft anomaly in the LG model context): we need
∑
i q
2
i −
∑
a q˜
2
a = 0 for the
gauge theory to exist[5]. Then equation (3.40) becomes the condition for the R-symmetry
defined by charges (αi, α˜a) to be non-anomalous [11].
3.1.2 Classical and quantum chiral algebra
When we were discussing the OPE in the cohomology, we argued that, as a consequence
of conformal invariance, there should be no dimensionful couplings present in the OPE.
We can generalize that further to say that the chiral algebra should not depend on any
dimensionful couplings at all. Any algebraic relations that involve dimensionful coupling
constants would violate the combination of scale and Lorentz invariance.
One of the basic facts about theories we study is that they are free in the UV. In fact,
this provides an alternative argument for why the singular part of the OPE is independent
5While (3.37) is actually a left-moving central charge cL, this is also equivalent to the cR-extremization
[23] since cL − cR is fixed by the gravitational anomaly.
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of couplings. Short-distance singularities of operators are simply governed by the free
theory, even before passing to the Q+ cohomology (however, we find the argument based
on Lorentz and scale invariance in the cohomology to be more transparent in our case).
Independence of chiral algebras on dimensionful couplings implies a useful property,
which can be thought of as a sort of non-renormalization theorem. The exact quantum
chiral algebra in our theories is “almost determined” by the classical chiral algebra (and
might be called “almost tree level exact”, although this name could be misleading). All we
need to do to find the quantum counterpart is renormalize composite operators. Composite
operators can be thought of as several fundamental fields brought into one point, and in
the process we should subtract short-distance singularities. It might well happen (and
will happen in concrete examples later) that even though the classical operator is in Q+
cohomology, the infinite piece you have to subtract is not annihilated by Q+. In this
way, renormalization of composite operators representing classical cohomology classes can
remove part of the classical cohomology. The claim is that what you obtain using this
procedure is the exact answer.
To understand why this is true, we will think of an exact quantum theory as a set of
local operators, which satisfy OPE relations and operator equations of motion. As we said,
short-distance singularities are governed by the free theory, so singular part of the OPE
does not care about interactions and operator equations of motion. Non-singular part of
the OPE can be thought of as a definition of composite operators, and this is the point
where we should be careful, as already noted before. The remaining thing we need to care
about are operator equations of motion.
If we stare at classical equations (3.2), we can understand that they do not have any
short-distance singularities and can be made into operator equations. The question one
might ask is whether they receive any corrections at the quantum level. If there were such
corrections, they would be a result of interactions and would depend on the dimensionful
coupling6 µ. If this could change the answer for chiral algebra, it would mean that the
algebra depends on a dimensionful constant µ. We know that this is impossible on general
grounds, so we expect that quantum corrections to operator equations of motion are not
important for the chiral algebra computation.
In fact, thinking slightly more general, the situation might be even simpler. Suppose we
have some renormalizable field theory, and we define it in the path integral approach. This
means that we choose our favorite regularization to make path integral finite-dimensional,
define the action and the measure in this regularization and add counterterms, if needed.
Or, alternatively, think in terms of bare fields and couplings, without any counterterms.
The standard way to derive equations of motion which hold under correlators, i.e., operator
equations of motion, is through integration by parts. For renormalizable field theories
defined in this way, these equations of motion hold exactly when written in terms bare
fields. If we write them in terms of physical fields and counterterms, then counterterms
of course contribute to equations of motion, but their role is to renormalize composite
6In fact, the right hand side of (3.2) is already proportional to µ, so additional terms would be multiplied
by higher powers of µ
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operators that appear in equations of motion. This becomes very clear in the example of
the λφ4 theory. The equation of motion of the λφ4 with counterterms is:
(+m2)φ = λφ3 + δmφ+ δφφ+ δλφ3, (3.41)
and by some simple manipulations with diagrams, one can see that these three terms on
the right are precisely what one needs to define a composite operator λφ3. The mass
counterterm δmφ removes singularity coming from the self-contraction in φ
3, while the
other two remove singularities coming from contractions between φ3 and one insertion of
the interaction vertex λφ4/4. It is quite obvious that this continues to higher orders of
perturbation theory, simply because the theory is renormalizable and has only these three
counterterms.
It is not completely clear how general this argument is and whether it holds for gauge
theories, but it definitely works for our LG models. Moreover, it is possible to show that
our models do not need any counterterms at all.
So our conclusion is that equations (3.2) hold exactly once we properly define compos-
ite operators appearing there. This supports our claim that to compute quantum chiral
algebra, we need to find the classical one and then check which part of it survives after the
renormalization of composite operators.
All these statements are true in perturbation theory. They might not hold if non-
perturbative corrections become relevant. For example, instantons might lift cohomology
classes [15], and this has to be studied separately. In our case we assume that the worldsheet
and the target are topologically trivial, so non-perturbative corrections are not expected.
3.1.3 Non-abelian global symmetries
In addition to U(1) global symmetries, the action may also have non-abelian linearly
realized global symmetries that commute with SUSY. They generally are of the form
Φi → AijΦj ,Λa → BabΛb. The kinetic part of the action implies that A ∈ U(NΦ) and
B ∈ U(NΛ), where NΦ is the number of chiral superfields Φi, i = 1 . . . NΦ, and NΛ is the
number of Fermi superfields Λa, a = 1 . . . NΛ.
It is clear that by a unitary transformation Φi → U ijΦj , Λa → V ab Λb one can always
bring A and B into the diagonal form, and in such a basis they will describe just the U(1)
global symmetry. Therefore, in order to have something new compared to the previous
discussion, we assume that the action has some U(1) global symmetries and, on top of
that, also has some non-abelian symmetries. Altogether, they close to a subgroup G ⊂
U(NΦ) × U(NΛ). The free theory has the full U(NΦ) × U(NΛ) symmetry, which is then
broken to the subgroup G by the E and J superpotentials.
Embedding G ⊂ U(NΦ)×U(NΛ) defines an (NΦ +NΛ)-dimensional representation of
G on superfields of our model. This representation is reducible and can be decomposed
as a direct sum of an NΦ-dimensional representation RΦ on chiral superfields and an NΛ-
dimensional representation RΛ on Fermi superfields. Let the Hermitian generators of this
subgroup in the representation RΦ be called tα, α = 1 . . . |G|, and in the representation RΛ
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– τα, α = 1 . . . |G|. The infinitesimal transformation is:
Φi → Φi + iα(tα)ijΦj ,
Λa → Λa + iα(τα)abΛb. (3.42)
The condition on J and E for this to be a symmetry is:
(tα)
i
jΦ
j∂iJa(Φ) + (τα)
b
aJb(Φ) = 0,
(tα)
i
jΦ
j∂iE
a(Φ)− (τα)abEb(Φ) = 0. (3.43)
It is straightforward to repeat what we had done for abelian symmetries and to find the
corresponding element in the D+-cohomology:
Jα = (τα)abΛbΛa + i(tα)ijΦj∂−−Φi. (3.44)
If we write [tα, tβ] = if
γ
αβtγ , then the OPE of these currents is given by:
Jα(x)Jβ(y) ∼ tr(tαtβ)− tr(τατβ)
(x−− − y−−)2 +
fγαβJγ(y)
x−− − y−− + {Q+, . . . }. (3.45)
We have tr(tαtβ) = 2xΦδαβ and tr(τατβ) = 2xΛδαβ, where xΦ and xΛ are Dynkin indices
of the representations RΦ and RΛ respectively. Therefore, in the cohomology we find a
current algebra of G at the level r = 2(xΦ − xΛ).
4 N = (2, 2) models
If in a general N = (0, 2) LG model as described before we put Ea = 0, take a to be the
same sort of index as i, i.e., just put NΛ = NΦ (recall that everything is topologically trivial
in our discussion) and take Ja(Φ) =
∂W (Φ)
∂Φi=a
for some holomorphic superpotential W (Φ), we
get a general N = (2, 2) LG model. In such a case (0, 2) superfields are promoted to (2, 2)
chiral superfields:
Φi = Φi + i
√
2θ−Λi − iθ−θ−∂−−Φi. (4.1)
With N = (2, 2) supersymmetry, we can go further in the discussion of general prop-
erties of the chiral algebra in the Q+-cohomology. First of all, let us get rid of the trivially
reducible case. Suppose that we can organize superfields Φi into two nonempty sets:
{Φ1,Φ2, . . . ,Φs}, {Φs+1,Φs+2, . . . ,ΦNΦ}, so that the superpotential can be written as a
sum:
W (Φ) = W (1)(Φ1,Φ2, . . . ,Φs) +W (2)(Φs+1,Φs+2, . . . ,ΦNΦ), (4.2)
This superpotential just describes 2 separate LG models which do not interact with each
other. The space of observables in such a model is just the graded-symmetric tensor product
of the spaces for each of the two models, and the supercharge is the sum Q+ = Q
(1)
+ +Q
(2)
+ ,
where each term in the sum acts on the corresponding factor in the graded-symmetric
tensor product. It is a simple algebraic exercise to prove that the cohomology of such a
Q+ is just the graded-symmetric tensor product of the cohomologies of Q
(1)
+ and Q
(2)
+ .
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Therefore, without any loss of generality, it is enough to study superpotentials which
cannot be decomposed as in (4.2), and can never be brought into such a decomposable
form by a holomorphic change of coordinates on the target. We will assume this from now
on. Note that it was shown in [8] that with such an assumption, no accidents happen in
the IR, which also simplifies life a lot.
Since we put Ea = 0, quasihomogeneity conditions (3.13) now always have at least
one solution, α˜a = 1,∀a, αi = 0,∀i. Therefore, according to our previous discussion, there
is always a stress-energy tensor in the cohomology. It is interesting, however, to study the
case when W (Φ) is quasi-homogeneous itself:∑
i
βiΦ
i∂W
∂Φi
= W (Φ). (4.3)
After all, as was noted in [24], this is the case most relevant for studying the IR fixed point
of the LG model. With this property, if we take αi = βi and α˜a = βi=a, we get another
solution of (3.13). In other words, there exists a U(1) flavor symmetry corresponding to
the solution qi = βi, q˜a = βi=a − 1 of (3.21).
If there is only one such flavor symmetry, we can see that the equation (3.40) picks
αi = βi and α˜a = βi=a as defining the correct stress-energy tensor. Indeed, these values
satisfy (3.40), while another solution, α˜a = 1, αi = 0, inserted in (3.40), gives
∑
i qi +∑
a q˜a =
∑
i(2βi − 1), which is generically non-zero. The last sum being zero corresponds
to various degenerate cases, for example if superpotential is just a quadratic polynomial
(which means that all fields are massive, the IR theory is trivial and the chiral algebra
should be trivial too). We will not concentrate on such cases.
On the other hand, there can be more flavor symmetries in the model:
Φi → e−iγiΦi, (4.4)
if one can find such a system of charges γi that:∑
i
γiΦ
i∂W
∂Φi
= 0. (4.5)
This gives a solution qi = γi, q˜a = γi=a of (3.21). Note that both the solution qi = βi,
q˜a = βi=a − 1 and the solution qi = γi, q˜a = γi=a describe flavor symmetries from the
N = (0, 2) point of view, since they just satisfy (3.21). However, from the N = (2, 2)
point of view, only the latter one is a flavor symmetry, while the former one becomes the
left-handed R-symmetry of the N = (2, 2) SUSY, which is seen from the fact that Φ’s and
Λ’s charges differ by one.
The action of the LG model in the (2, 2) superspace is:
S =
1
4pi
∫
d2xd4θΦ
i
Φi +
1
4pi
∫
d2xd2θW (Φ) +
1
4pi
∫
d2xd2θW (Φ) (4.6)
The superspace equations of motion are simply:
D+D−Φ
i
=
∂W
∂Φi
. (4.7)
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As was first noted in [10], we can find an element in the D+-cohomology represented by
the (2, 2) superfield:
J =
∑
i
(
1− βi
2
D−ΦiD−Φ
i − iβiΦi∂−−Φi
)
, (4.8)
which can then be expanded in components with respect to θ− and θ−: the lowest com-
ponent is the left-handed R-current, the top component is the stress-energy tensor (which,
using our earlier N = (0, 2) terminology, corresponds to the solution αi = βi, α˜a = βi=a of
(3.13)), and the fermionic components are the two left-handed supersymmetries. Therefore,
this J generates a left-moving N = 2 superconformal algebra in the D+-cohomology.
If there exist additional U(1) flavor symmetries characterized by weights γi satisfying
(4.5), then there is another D+-cohomology class represented by:
Ψ =
1
2
∑
i
γiΦ
iD−Φ
i
, (4.9)
so the derivative:
D−Ψ =
∑
i
γi
(
1
2
D−ΦiD−Φ
i
+ iΦi∂−−Φ
i
)
(4.10)
generates ambiguity, because we can replace J → J + λD−Ψ, ∀λ ∈ R. Of course, this
is still the same ambiguity of the N = (0, 2) stress-tensor multiplet related to U(1) flavor
symmetries that we were discussing before. The only difference is that by now we have dealt
with the U(1) global symmetry which is the left-handed R-symmetry from the N = (2, 2)
point of view (it was described by the charges qi = βi, q˜a = βi=a− 1), and what we are left
with in (4.9) corresponds to the actual N = (2, 2) flavor symmetry. Similar to what we
had for a more general N = (0, 2) case, we could have analyzed this ambiguity using the
N = (2, 2) supersurrent multiplet, especially since its structure is described in details in
the Appendix C of [20]. However, we chose not to do this, as it would not give us anything
essentially new compared to what we have already understood.
Previous discussion of the OPE in the cohomology being determined by the free prop-
agators of course still holds. The free propagator of chiral superfields is:〈
Φ
i
(x1, θ1)Φ
j(x2, θ2)
〉
= δij log
(
R−−12 R
++
12
)
, (4.11)
where
R−−12 = x
−−
1 − x−−2 + iθ−1 θ
−
1 + iθ
−
2 θ
−
2 + 2iθ
−
1 θ
−
2 ,
R++12 = x
++
1 − x++2 + iθ+1 θ
+
1 + iθ
+
2 θ
+
2 + 2iθ
+
1 θ
+
2 . (4.12)
We can compute the OPEs:
J (x1, θ1)J (x2, θ2) ∼ − c
3(r12)2
− 2θ
−
12θ
−
12
(r12)2
J (x2, θ2)− iθ
−
12
r12
D−J (x2, θ2)
− iθ
−
12
r12
D−J (x2, θ2)− 2θ
−
12θ
−
12
r12
∂−−J (x2, θ2) + {Q+, . . . }, (4.13)
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where
θ−12 = θ
−
1 − θ−2 , θ
−
12 = θ
−
1 − θ−2 ,
r12 = x
−−
1 − x−−2 + iθ
−
1 θ
−
2 − iθ
−
2 θ
−
1 ,
(4.14)
and the central charge is:
c = 3
∑
i
(1− 2βi). (4.15)
Equation (4.13) encodes the N = 2 superconformal algebra with the central charge c (this
equation, but in slightly different conventions, was present in [10]). Of course we could
have obtained the same value of the central charge using the more general equation (3.37),
which holds for more general N = (0, 2) LG models. One would have to put αi = βi,
α˜a = βi=a there.
Notice that the central charge (4.15) is linear in βi. This means that if we have
U(1) flavor symmetries such that (4.5) holds, we can no longer get rid of the ambiguity
βi → βi + λγi by simply asking the central charge to take the extremal value. This is
related to the fact that the OPE of the cohomology class represented by (4.9) with itself
is regular:
Ψ(x1, θ1)Ψ(x2, θ2) ∼ {Q+, . . . }. (4.16)
So that the OPE of [Ψ] with [J ] is the same as with [J + λD−Ψ], ∀λ ∈ R. The JΨ OPE
is:
J (x1, θ1)Ψ(x2, θ2) ∼ κ θ
−
12
(r12)2
− θ
−
12θ
−
12
(r12)2
Ψ(x2, θ2)− iθ
−
12
r12
D−Ψ(x2, θ2)
−2θ
−
12θ
−
12
r12
∂−−Ψ(x2, θ2)− i
r12
Ψ(x2, θ2) + {Q+, . . . }, (4.17)
where κ =
∑
i γi. Compare this with what one expects for the OPE of J with some
superconformal primary superfield P:
J (x1, θ1)P(x2, θ2) ∼ −2θ
−
12θ
−
12
(r12)2
∆P(x2, θ2)− iθ
−
12
r12
D−P(x2, θ2)
− iθ
−
12
r12
D−P(x2, θ2)− 2θ
−
12θ
−
12
r12
∂−−P(x2, θ2)− i
r12
qP(x2, θ2) + {Q+, . . . }, (4.18)
where ∆ is the conformal dimension of P and q is its R-charge. What we see is that for
non-zero values of κ, Ψ is non-primary, and moreover it is not a descendant of any primary,
as can be seen from unitarity and global superconformal invariance of the vacuum of the
IR theory.7 Therefore, the non-zero κ becomes an obstruction for the IR CFT to exist.
7The argument is as follows. Presence of the central term in (4.17) implies through the operator-state
correspondence that there is a state |ψ〉 in the IR CFT such that G−+1/2|ψ〉 = κ|0〉+Q+|φ〉, where G−+1/2 is
one of the superconformal generators, |0〉 is the vacuum state and |φ〉 is some state. Taking the dimension-
zero component of this equality, we can assume that ψ has dimensions (1/2, 0), so that G−+1/2|ψ〉 has
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This happens for example in a model with two superfields X and Y and superpotential
W = XY 2.
Notice that since the ΨΨ OPE is regular, so is the D−ΨD−Ψ OPE. The absence of
central term in it means, as we have mentioned in Section 3.1.1, that the corresponding
flavor symmetry can be gauged without encountering gauge anomalies. Possible non-zero
value of κ then becomes the anomaly for the right-handed R-symmetry. This would be
relevant if we were studying gauge theories.
The theory can also have non-abelian flavor symmetries, which lead, as we have argued
before, to the current algebra in the cohomology. In our discussion of general (0, 2) theories,
the level of this current algebra was given by the difference of Dynkin indices: r = 2xΦ−2xΛ.
The first term here corresponded to the way flavor symmetry acted on Φ’s, and the second
– on Λ’s. In the (2, 2)-supersymmetric case, the flavor symmetry acts in the same way on
Φ’s and Λ’s, as they are just components of the (2, 2) chiral superfields Φi. So xΦ = xΛ.
We conclude that the current algebra in the cohomology corresponding to some flavor
symmetry of the N = (2, 2) supersymmetric LG model always has level zero.
5 Examples
In this section we will consider a few examples of applications of our machinery to the
N = (2, 2) LG models, where we can say something about the chiral algebra and therefore
draw some conclusions about the theory to which the model flows in the IR.
5.1 Degenerate examples
Consider the theory of two chiral superfields X and Y with superpotential
W = XY 2. (5.1)
This theory has a non-trivial flavor symmetry. A possible charge assignment is: γX = 2,
γY = −1, so that
γXX
∂W
∂X
+ γY Y
∂W
∂Y
= 0. (5.2)
As we know from the equation (4.9), there is an extra operator Ψ in the cohomology as a
result of this flavor symmetry. Since γX + γY = 1 6= 0, the OPE (4.17) tells us that this
operator is not primary. Moreover, as we explained in the Footnote 7, an operator satisfying
(4.17) cannot be made primary in a unitary CFT with invariant vacuum. Therefore, its
existence indicates that the RG flow does not end at any compact CFT: the deep IR theory
does not have a normalizable vacuum. In fact, the superpotential has a flat direction
Y = 0, and we can conclude that the low-energy mode describing propagation along this
flat direction renders vacuum non-normalizable. One can get a compact conformal fixed
point if we add a perturbation X2n+1 to the superpotential. This actually corresponds
dimension zero. Since in a unitary theory there are no operators of negative dimension, Q+|φ〉 should not
be there: G−+1/2|ψ〉 = κ|0〉. Invariance of the vacuum implies G+−1/2G−+1/2|ψ〉 = 0. Since in a unitary
theory (G−+1/2)
† = G+−1/2, by multiplying with 〈ψ|, the last equality implies G−+1/2|ψ〉 = 0, which gives a
contradiction unless κ = 0.
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to having the D series of minimal models at the IR fixed point, with the exact choice of
the model depending on n, even for small . By sending  → 0, the compact IR fixed
point will most likely go to infinity, signaling that the degenerate theory W = XY 2 will
behave differently. It would be great to have a better understanding of such non-compact
IR theories.
This flavor symmetry could be gauged, however, as we have noted before, this would
make right-handed R-symmetry anomalous because of γX + γY 6= 0.
By considering a slightly different superpotential, namely:
W = X2Y 2, (5.3)
we get again a theory with flavor symmetry, but the charges now can be chosen as γX = 1,
γY = −1, so that γX + γY = 0. Therefore, the bad central term does not appear in (4.17),
and the theory should have a better IR limit, even though the superpotential still has flat
directions. For example, if we gauge this flavor symmetry, the flat directions are removed
and we still get a theory with the right-handed R-symmetry. We are not going to study
this example any further.
5.2 N = 2 minimal models
A series of N = (2, 2) LG models are known to flow in the IR to the N = (2, 2) minimal
models. These superconformal theories are relatively simple. The central charge is given
by [25–29]:
c =
3k
k + 2
, k ≥ 1, (5.4)
and there is a known spectrum of possible superconformal primaries. The A-D-E classifi-
cation of modular-invariant theories is known [30–33], and the corresponding LG superpo-
tentials have been identified before. So, we can try to compute the chiral algebra both for
the LG model and for the minimal model which is supposed to arise in the IR, therefore
providing more evidence for this relation, as well as demonstrating the power of chiral
algebras.
5.2.1 The Ak+1 series
For a given k, the diagonal Ak+1 minimal model is the simplest one. Its set of primaries
has a subset of k+ 1 fields which are chiral primary with respect to S˜Vir. Let us call them
Os, s = 0, . . . k, where O0 = 1 is the identity operator and Os has left-right conformal
dimensions (h, h) = ( s2(k+2) ,
s
2(k+2)) and left-right U(1) charges (q, q) = (
s
k+2 ,
s
k+2). As we
see, they all are chiral primaries with respect to both SVir and S˜Vir. Therefore, together
with the N = 2 currents, they generate the chiral algebra of the theory, as well as the
anti-chiral algebra abtained analogously by taking the cohomology of Q−.
We expect to get the same result from the LG model description. It is obtained by
considering only one chiral superfield Φ with the superpotential:
W (Φ) =
Φk+2
k + 2
. (5.5)
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The equations of motion are
D+D−Φ−Φk+1 = 0,
D−D+Φ−Φk+1 = 0. (5.6)
Differentiating these equations and multiplying them by arbitrary polynomials of Φ, Φ and
their derivatives, we get a differential ideal I. The algebra F̂0 consists of arbitrary poly-
nomials of variables ∂n+∂
m−Dk+D
p
−Φ and ∂n+∂m−D
k
+D
p
−Φ for non-negative integers n,m, k, p,
modulo the ideal I:
F̂0 = C[. . . , ∂n+∂m−Dk+Dp−Φ, ∂n+∂m−Dk+Dp−Φ, . . . ]/I. (5.7)
It is not hard to find another set of generators, which will generate F̂0 as a super-
commutative polynomial algebra itself. We already explained it in the context of general
N = (0, 2) LG models. Namely, we can take:
G = {∂n−−Φ, ∂n++Φ, D−∂n−−Φ, D+∂n++Φ, ∂n−−Φ, ∂n++Φ, D−∂n−−Φ, D+∂n++Φ, n ≥ 0}. (5.8)
All other derivatives of elementary superfields Φ and Φ can be expressed, using equations
of motion, as polynomials of these generators, and moreover, there are no further algebraic
relations between these generators. So we have:
F̂0 ' C[G]. (5.9)
We will first compute the classical cohomology of D+ acting on this space. After that we
will check which part of it survives at the quantum level, when we take care to subtract
singular parts from composite operators. It is clear that the cohomology classes can only
be destroyed by this subtraction. Indeed, suppose we define:
: AB : (z) = lim
→0
(A(z + )B(z)− (singular in )) . (5.10)
If AB was classically in the cohomology but the singular part is not D+-closed, the operator
: AB : is no longer in the cohomology. If AB was not in the cohomology even classically,
then neither is : AB :, which is quite obvious. Finally, if AB was classically D+-exact,
then there is no need to consider : AB :. Even if the singular part represented some non-
trivial quantum cohomology class, we would find it by starting with some other classical
cohomology class anyways. So, we will look for the classical cohomology first, and then
check which part of it survives subtraction of singularities.8
To find how D+ acts on F̂0 in terms of the generators, we act with D+ on the generators
from the set G and, using the equations of motion, express the result in terms of these
generators again. To explicitly describe D+, it is convenient to write it as a sum:
D+ = d0 + d1, (5.11)
8In fact, computation of the classical cohomology is a hard combinatorial problem, while we are really
only interested in quantum cohomology. So we will not determine the classical cohomology completely, only
partly. As we will see, there is an N = 2 super-Virasoro algebra in cohomology, so our approach will be
to look for those classical cohomology classes which have a chance to be superconformal primaries at the
quantum level.
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where d0 acts as follows:
d0 :∂
n
−−Φ 7→ 0, ∂n++Φ 7→ 0, D−∂n−−Φ 7→ 0, ∂n+1−− Φ 7→ 0, D+∂n++Φ 7→ 0,
D−∂n−−Φ 7→ 0, D+∂n++Φ 7→ 2i∂n+1++ Φ, ∂n++Φ 7→ D+∂n++Φ, (5.12)
and d1 acts as:
d1 :∂
n
−−Φ 7→ 0, ∂n++Φ 7→ 0, D−∂n−−Φ 7→ 0, D+∂n++Φ 7→ 0, ∂n++Φ 7→ 0,
D+∂
n
++Φ 7→ 0, D−∂n−−Φ 7→ ∂n−−(Φk+1), ∂n+1−− Φ 7→
i
2
D−∂n−−(Φ
k+1). (5.13)
This explicitly describes how D+ acts on the generators, and then extends to the full
algebra F̂0 by linearity and Leibniz rule. Notice that d0 is just the D+ in the theory
with zero superpotential, while d1 includes corrections due to the superpotential. This
splitting of D+ is motivated by a perturbative computation of the D+-cohommology, i.e.,
the spectral sequence, which we are about to perform.
Let us introduce a filtration degree on F̂0 by saying that for generators:
∀x ∈ G, fdeg(x) = 1, (5.14)
which then extends multiplicatively on the whole F̂0. We then define:
F̂ (p)0 = {S ∈ F̂0 : fdeg(S) ≥ p}, (5.15)
which gives a filtration:
F̂0 ∼= F̂ (0)0 ⊃ F̂ (1)0 ⊃ F̂ (2)0 ⊃ . . . (5.16)
Our differential D+ obviously preserves this filtration. In particular, d0 does not change
the filtration degree, while d1 increases it by k, if k > 0. This allows us to apply spectral
sequences to compute the cohomology of D+. But before that we will mention a trivial
technical lemma we will need later.
Lemma 5.1: Let V be a Z2-graded vector space and S(V ) = ⊕k≥0Sk(V ) be the
graded-symmetric algebra of V . If there is a degree-1 differential d : V → V , i.e., d2 = 0,
then by the Leibniz rule it extends to a differential acting on the graded-symmetric algebra
d : S(V )→ S(V ), and moreover, its cohomology is:
H(S(V ), d) = S (H(V, d)) . (5.17)
Now, having this Lemma, we will proceed to compute the cohomology of D+.
First let us consider the trivial case k = 0. Then both d0 and d1 do not change the
filtration degree. We can define a vector space spanned by the elements of G: V = Span(G).
Since D+ = d0 + d1 does not change the filtration degree, it acts as a linear operator on
this V . Next we notice that F̂0 ' S(V ), so by the Lemma H(F̂0, D+) = S
(
H(V,D+)
)
.
To compute the cohomology of D+ acting as a linear operator on V , we notice that all
elements of G are either not D+-closed or are D+-exact as a consequence of the equation of
motion D+D−Φ = Φ. So the cohomology is trivial for k = 0 (stress-energy supercurrent
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J becomes D+-exact for k = 0 ad well). This could be expected because the k = 0 model
is massive, and therefore the IR theory it flows to is empty.
Now, suppose k > 0. Then at the zeroth order of spectral sequence we have:
Ep0 = F̂ (p)0 /F̂ (p+1)0 , E0 ≡ Gr(F̂0) ∼=
⊕
p≥0
Ep0 , (5.18)
where Gr(F̂0) is the graded space associated with the filtered space F̂0, and the differential
acting on it is just d0, which preserves grading. We note that E
1
0 ' Span(G), the vector
space spanned by the generators from G (which all have degree 1). Since d0 preserves
grading and, as one can easily see, E0 ' S(E10), we just apply Lemma and get H(E0, d0) =
S
(
H(E10 , d0)
)
. By inspecting equations (5.12), we easily find the cohomology of d0 acting
on E10 . The answer is H(E
1
0 , d0) = Span(S0), where the set S0 is:
S0 = {∂n−−Φ, D−∂n−−Φ, ∂n+1−− Φ, D−∂n−−Φ, n ≥ 0}. (5.19)
Therefore, we find the first term of the spectral sequence:
E1 = H(E0, d0) ' C[S0]. (5.20)
Now, if k = 1, then for the first step of spectral sequence, d1 becomes the differential
acting on E1. If k > 1, then the differential acting on E1 is just zero, and E2 = H(E1, 0) '
E1. Next, if k > 2, we find that E3 ' E1, and so on. This procedure goes on until we get
to the k-th term of spectral sequence: Ek ' E1. As we know from spectral sequences, the
differential acting on Ek should be the degree-k part of D+, i.e., d1. So for the next term
we have:
Ek+1 ' H(E1, d1). (5.21)
Since there are no components ofD+ of degree higher than k, the spectral sequence collapses
here and we conclude that:
H(F̂0, D+) ' H(E1, d1) ' H(C[S0], d1). (5.22)
So all we need to do now is compute the cohomology of d1 acting on C[S0]. The way d1
acts on the elements of S0 is:
d1 : ∂
n
−−Φ 7→ 0, D−∂n−−Φ 7→ 0,
∂n+1−− Φ 7→
i
2
D−∂n−−(Φ
k+1), D−∂n−−Φ 7→ ∂n−−(Φk+1). (5.23)
Even though we have considerably simplified the original problem, the direct computation
of the d1 cohomology is still too nasty. We can simplify it more by recalling that we already
have a stress-energy supercurrent in the cohomology, and therefore it is enough to look for
its superconformal primaries only. Our superpotential is of a quasi-homogeneous class,
with β = 1k+2 , so the stress-energy supercurrent is:
J = k + 1
2(k + 2)
D−ΦD−Φ− i
k + 2
Φ∂−−Φ (5.24)
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and the corresponding central charge is c = 3kk+2 . Now suppose we found some polynomial
P ∈ C[S0] which represents a D+-cohomology class. We have the following technical
Lemma:
Lemma 5.2: Every d1-cohomology class [P ] which is a superconformal primary with
respect to J , can be represented as a polynomial of Φ, D−Φ, D−Φ and ∂−−Φ, that is
P ∈ C[Φ, D−Φ, D−Φ, ∂−−Φ].
The idea is that having higher derivatives of Φ and Φ in the expression for P will result
in higher poles in the J (x, θ)P (0, 0) OPE, which should not be there if [P ] is primary.
Elegant proof of this statement is not available at the moment, but calculations seem to
show that it is true, so we leave it as a conjecture.
The operators Φ, Φ2, . . . Φk are all in the cohomology and are primaries – we will write
their OPE’s with J later. Φk+1 is exact and so is not in the cohomology, so any polynomial
of Φ is just a linear combination of 1,Φ,Φ2, . . . ,Φk in the cohomology. Since D−(P (Φ)) =
P ′(Φ)D−Φ and (D−Φ)2 = 0, any polynomial of Φ and D−Φ is A(Φ) + D−B(Φ), where
the second term is a descendant. Let us figure out now if there are any other primaries in
the cohomology. We try to construct d1-closed (or equivalently, D+-closed) polynomials
from Φ, D−Φ, D−Φ and ∂−−Φ, which are not just polynomials of Φ and D−Φ. A simple
computation shows that the most general such combination with even statistics is:
E =
∞∑
n=0
Pn(Φ)(∂−−Φ)n
[
(n+ 1)(k + 1)
2
D−ΦD−Φ− iΦ∂−−Φ
]
, (5.25)
where Pn are arbitrary polynomials, while the most general odd closed element is:
O =
∞∑
n=1
Cn(Φ)(∂−−Φ)nD−Φ, (5.26)
where again Cn are arbitrary polynomials.
To slightly simplify computations, we notice that since the operator d1 increases the
introduced above filtration degree fdeg by k, one can grade the cohomology by this degree,
and it is enough to assume that E has a given fixed degree (i.e., it is a homogeneous
polynomial). Next, we notice that we could introduce another grading – by the number of
derivatives in the expression. If we assign the bosonic derivative ∂−− a “derivative degree”
1 and the fermionic derivatives D− and D− a “derivative degree” 1/2, we can see that
the operator d1 actually lowers the “derivative degree” by 1/2. Therefore, again, we can
grade the cohomology by this degree, and it is enough to study the cohomology within the
sector with a given “derivative degree”. Fixing values of these two degrees – the filtration
degree and the “derivative degree” – we see that it is enough, without loss of generality, to
consider:
Es,n = Φs(∂−−Φ)n
[
(n+ 1)(k + 1)
2
D−ΦD−Φ− iΦ∂−−Φ
]
,
Os,n = Φs(∂−−Φ)nD−Φ. (5.27)
where s and n are non-negative integers. A simple calculation gives:
D−Es,n = −i [s+ 1 + (n+ 1)(k + 1)]Os,n+1. (5.28)
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This suggests that any odd element of the above form Os,n+1 that we could have possibly
found in the cohomology would always by a descendant of some even element. This is also
true for Os,0 = ΦsD−Φ = 1s+1D−Φs+1. Therefore, it is enough to study the expression Es,n
given above. Can it represent a nontrivial cohomology class, and can it be a superconformal
primary?
Observables Es,n and their lifting
Notice that for s ≥ k:
d1
[
Φs−k(∂−−Φ)n+1D−Φ
]
= iEs,n, (5.29)
so Es,n is exact for s ≥ k. On the other hand, for s < k, Es,n is obviously not exact,
because, as we can see from the equation (5.13), the image of d1 always contains the field
Φ at least k + 1 times, while Es,n contains it s + 1 times. So we conclude that Es,n for
s < k indeed represents a non-trivial classical cohomology class.
Classical observables Es,n satisfy the following multiplication rule:
Es,nE t,m = −iEs+t+1,n+m+1. (5.30)
They can be combined with the observables Φs, for which we have:
ΦsE t,n = Es+t,n. (5.31)
We see that Φ and Es,n generate a closed sector in the classical cohomology. As we will find
soon, these are not all classical cohomology classes, there exist more. But all observables
that have a chance of being superconformal primaries in the quantum cohomology are
within this sector.
The stress-energy supercurrent J that we identified before is of course among these
observables:
J = 1
k + 2
E0,0. (5.32)
In particular:
J Es,n = − i
k + 2
Es+1,n+1. (5.33)
This equation implies that the only observables which have a chance of being superconfor-
mal primaries at the quantum level are Es,0 and E0,n. But because of:
Es,0 = (k + 2)JΦs, (5.34)
the former are simply descendants of Φs. So we only have E0,n left.
Can E0,n represent cohomology classes in quantum theory? It turns out that only for
n = 0. The reason is that for n > 0, the infinite piece that one has to subtract in order to
define the composite operator E0,n is not Q+-closed.
Consider the simplest operator E0,1. We call its lowest component e1:
e1 = (k + 1)∂−−φψ−ψ− − iφ(∂−−φ)2. (5.35)
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This is a composite operator whose precise definition requires subtraction of singularities:
e1(x) = lim
→0
(
(k + 1)∂−−φ(x)ψ−(x)ψ−(x− )− i(∂−−φ(x))2φ(x− )−
2ki
−−
∂−−φ(x)
)
.
(5.36)
We see that the piece that we subtract is not Q+-closed, which already suggests that e1(x)
is probably not in the cohomology. Careful computation of [Q+, e1], followed by taking the
→ 0 limit, shows that:
[Q+, e1] = −(k + 1)
[
(k + 1)φk∂−−ψ− − 1
2
ψ−∂−−φk
]
− i(k + 2)[Q+, ∂2−−φ]. (5.37)
So indeed, e1 is not in quantum cohomology. We know that classical observables should
be lifted from cohomology in pairs. Therefore, the combination we got on the right, r1 =
(k+1)φk∂−−ψ−− 12ψ−∂−−φk, should be some classical cohomology class which disappears
together with e1. And indeed, it is in the classical cohomology, as it is easy to check.
Before, we found classical cohomology classes which had a chance of being superconformal
primaries, and this r1 was not among them, which suggests that it should be a descendant.
Another computation shows that it is indeed a descendant. The lowest component of J is:
j = J | = k + 1
2(k + 2)
ψ−ψ− −
i
k + 2
φ∂−−φ, (5.38)
it is a U(1) current in the N = 2 super-Virasoro. A computation shows that:
j−1(φkψ−) =: jφkψ− :=
i
k + 2
(
(k + 1)φk∂−−ψ− − ψ−∂−−φk
)
+ [Q+, . . . ]. (5.39)
So this new operator, r1 = (k + 1)φ
k∂−−ψ− − 12ψ−∂−−φk, is actually a superconformal
descendant of φkψ−. One can ask a similar question: what is this φkψ−? Clearly, it is in
the classical cohomology. But in fact, φkψ− = 1k+1 [Q−, φ
k+1], and recall that we have a
relation φk+1 = 0 in the classical cohomology. Therefore φkψ− also vanishes in the classical
cohomology. So we have discovered the following: classically, we have cohomology classes e1
and r1, but quantum-mechanically, we have [Q+, e1] = r1. And this r1 is a superconformal
descendant of φkψ−, which is actually zero in the classical cohomology.
This might look confusing – how is it possible that a superconformal descendant of
zero is not zero? The resolution of this apparent paradox is that, actually, super-Virasoro
algebra does not act in the classical cohomology. It only acts in the quantum cohomology
by the OPE with the stress-energy supercurrent J , while there is no notion of OPE in
the classical cohomology. Therefore, there is no contradiction between the facts that φkψ−
vanishes in the classical cohomology, while its superconformal descendant r1 does not vanish
classically. The fact that latter is a descendant of the former is borrowed from the chiral
algebra in the quantum cohomology. And in the quantum cohomology, because of this
relation, both of them indeed have to vanish. This is quite satisfactory, because it also
explains why r1 should be lifted from the classical cohomology – because it vanishes in
quantum chiral algebra!
In fact, by taking all possible superconformal descendants of the relation φk = 0,
we will get a lot of (probably, infinitely many) operators which vanish in the quantum
– 36 –
cohomology but represent non-vanishing classical cohomology classes. They all should be
lifted from the cohomology through the mechanism which we have just described.
Also, it is not hard to convince oneself that not only E0,1, but all operators E0,n,
n > 0 get lifted from the cohomology at quantum level for the same reasons. Clearly,
there is some interesting (or at least non-trivial) mathematical structure in how classical
cohomology classes get paired and lifted from the cohomology. It is quite possible that
our observables Es,n and superconformal descendants of φk+1 are not the only classical
cohomology classes involved in this. However, we are not going to study this question here.
We are only interested in the quantum cohomology here, so the conclusion we need
now is that the only primary operators in the cohomology are 1,Φ,Φ2, . . . ,Φk. They,
together with the stress-energy supercurrent J , generate the full chiral algebra in the
Q+-cohomology. One can find that:
J (x1, θ1)Φs(x2, θ2) ∼ −
(
2θ−12θ
−
12
(r12)2
hs +
iθ−12
r12
D− +
2θ−12θ
−
12
r12
∂−− +
i
r12
qs
)
Φs, (5.40)
where hs =
qs
2 =
s
2(k+2) . We see that dimensions and charges match exactly our expecta-
tions for the Ak+1 minimal model.
5.2.2 D and E series of minimal models
We will not go into much details about the chiral algebras of D and E series of minimal
models. Instead we will just look at some of their features, leaving a more detailed study
for the future.
The LG models which are expected to flow to D2n+2 minimal models in the IR are
described by the superpotential:
W = XY 2 +
X2n+1
2n+ 1
. (5.41)
Consider the n = 1 theory. It has W = XY 2 + X
3
3 . If we make a change of variables
V =
X + Y√
2
,
U =
X − Y√
2
, (5.42)
We will get an LG model with W =
√
2
3 V
3 +
√
2
3 U
3. This is just a pair of non-interacting
A2 models. Thus the theory in the IR is expected to be just A2 ⊗ A2, with the chiral
algebra being a tensor product as well. Recall from the previous subsection that, for the
W ∝ V 3, the chiral algebra has only two primaries: the identity 1 and V , and there is
also a stress-energy supercurrent JV . Similarly for the second one: we have 1 and U as
primaries, and we have JU . By taking the tensor product of these two, we can identify
primaries in the chiral algebra of A2 ⊗A2 as:
1, V, U, V U,JV − JU . (5.43)
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Going back to X amd Y , the first four are simply:
1, X, Y,X2 − Y 2. (5.44)
Moreover, since in the cohomology V 2 = U2 = 0, these X and Y satisfy relations in the
chiral algebra:
X2 + Y 2 = 0,
XY = 0, (5.45)
which are just the relations of the chiral ring, so we get the familiar result (explained in
Section 2.3) that operators from the chiral ring of the N = (2, 2) theory are primaries of
the chiral algebra. However, we have an extra primary operator of dimension 1:
P = JV − JU , (5.46)
which is not part of the chiral ring. The existence of this extra primary current in the
cohomology was already noticed in [34], where the author also conjectured that every
D2n+2 model has, in addition to the generators of the chiral ring, a single dimension-n
primary in the cohomology.
We are not going to study n > 1 cases here. The only thing we want to mention is that
the spectral sequence approach we used for the Ak+1 models can be clearly generalized to
the D2n+2 case. For n > 1, the operator D+ will split as a sum of three terms:
D+ = d0 + d1 + d2, (5.47)
where d0 corresponds to the zero superpotential, d1 takes into account the effect of XY
2
term in the superpotential, and d2 encodes the effect of X
2n+1 interaction. It should be
possible, though more technical than in the Ak+1 case, to compute the cohomology using
this splitting and check the conjecture made in [34].
Finally, a small remark about the E series. The models E6 and E8 correspond to
superpotentials X3 + Y 4 and X3 + Y 5. Therefore, their chiral algebras are immediately
identified as those of A2 ⊗ A3 and A2 ⊗ A4 respectively. Therefore, they will also contain
extra primary operators, in addition to the chiral ring elements. The E7 model has:
W = X3 +XY 3, (5.48)
therefore it has to be studied separately. In this case again we will have:
D+ = d0 + d1 + d2, (5.49)
where d0 is a D+ operator in the theory of two free chiral superfields without any super-
potential, d1 takes into account the X
3 term and d2 takes care of XY
3. It is clear that at
the second step of the spectral sequence computation, when we consider the cohomology
of d1, we will essentially get the cohomology of the A2 model multiplied by the free theory
described by the chiral superfield Y . Computing the cohomology of d2 at the next step
then becomes much simpler, since we already know the answer for A2.
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6 Discussions and further directions
We have only scratched the surface of the subject, demonstrating some general properties of
chiral algebras of N = (0, 2) theories and giving several simple examples. The most general
property was the RG invariance of the answer, which makes chiral algebras interesting
objects to study in the context of dualities.
One obvious extension of this work would be to get a better description of chiral
algebras of N = (2, 2) LG models with quasi-homogeneous (or even general) polynomial
superpotentials. Our treatment allowed us to find answers in some cases, but it would
be much nicer to have a more general result, which would associate chiral algebra to any
polynomial superpotential. It would also be useful to find some classes of N = (0, 2) models
in which the chiral algebra could be described completely.
But the most interesting and immediate extension is, of course, the application of
chiral algebras to gauge theories. If the LG model has some flavor symmetry, one can
gauge it by coupling to gauge multiplets. One can argue that perturbatively, the way this
gauging is implemented in the chiral algebra is as follows. If G is the gauge group, one
should first take the G-invariant subalgebra of the ungauged chiral algebra, then tensor
multiply it by the “small” bc-system of dimension (1, 0) (where “small” means that zero
mode of c is excluded from the algebra). The ungauged chiral algebra has a current in it
which corresponds to the flavor symmetry we want to gauge. Using this current and the
bc-ghosts, one can construct a BRST operator. The condition of its nilpotency is precisely
the condition that there is no gauge anomaly, i.e., that the symmetry we want to gauge
really can be gauged. Then we have to compute the cohomology of this BRST operator.
The answer is the gauged chiral algebra. (This procedure is identical to the gauging of
chiral algebras of 4D N = 2 theories from [35].)
This procedure seems to hold in perturbation theory. One way to argue it is by
writing equations of motion of the gauge theory and, similar to what we did in this paper,
computing the cohomology of D+ using perturbation theory (or spectral sequence) in gauge
coupling. This approach is somewhat ugly, but it allows to argue that the answer is as we
claimed above. Another, more conceptual proof would be to define the gauge theory using
the BRST formalism and the holomorphic gauge v++ = 0. This would give the action:
S = S0 + {QB,Ψ} = S0 +
∫
d2x lAvA++ +
∫
d2x bAD++cA, (6.1)
where lA is the auxiliary field implementing gauge vA++ = 0, and we added Faddeev-Popov
ghosts. One can extend supersymmetry to act trivially on ghosts. Then the superchargeQ+
and the BRST charge QB anticommute: {Q+, QB} = 0, and we really have two commuting
complexes. The theory is defined as the cohomology of QB, and within that cohomology
we want to find the chiral algebra in the cohomology of Q+. Since the complexes commute,
we could first find the cohomology of Q+, and then compute the cohomology of QB. It is
quite nice to discover that the gauging procedure we explained above arises in this way.
However, some technical details still have to be clarified.
A question of utmost importance is to understand how the gauging procedure should
be modified to account for non-perturbative effects, such as instantons.
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Another extension, which is also important for gauge theories, is to study models
without R-symmetry. We can easily find gauge theories with anomalous R-symmetry.
In case they are constructed by gauging some LG models that have (right-handed) R-
symmetry, it becomes natural to ask what happens to their chiral algebra during gauging
that manifests the breaking of R-symmetry.
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